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Abstract 

In a recent paper, the BRST formalism for the gauge-fixed N=2 twistor-string was used to calculate 
Green-Schwarz supersring scattering amplitudes with an arbitrary number of loops and external massless 
states. Although the gauge-fixing procedure preserved the worldsheet N=2 superconformal invariance of the 
twistor-string, it broke the target-space S0(9,l) super-Poincare invariance down to an SU(4)xU(l) subgroup. 

In this paper, generators for the S0(9,l) super-Poincare transformations, as well as manifestly covariant 
vertex operators, are explicitly constructed out of the gauge-fixed matter fields. The earlier calculated 
amplitudes are then expressed in manifestly Lorentz-covariant notation. 



I. Introduction 



There are various methods for calculating superstring amplitudes, each having advantages and disad- 
vantages. The most common method is to start with the covariant Neveu-Schwarz-Ramond action in which 
all gauge invariances have been fixed except for the worldsheet N=l superconformal invariance. Since this 
action contains only free fields, it is straightforward to calculate superstring scattering amplitudes by defin- 
ing vertex operators for the physical states, evaluating correlation fimctions of these vertex operators on 
N=l super-Riemann surfaces, integrating over the super-moduli of the surfaces, and finally summing over all 
possible spin structures. ^'^ These scattering amplitudes can be proven to be unitary by showing agreement 
with amplitudes obtained using the light-cone NSR method.*^ 

One disadvantage of this approach is that until the final step of summing over spin structures, the 
scattering amplitude is not spacetime supersymmetric, and therefore contains divergences coming from the 
dilaton tadpole diagram. In order to regularize these divergences, a cutoff in the moduli space must be intro- 
duced which can only be removed after summing over spin structures. Because the integrand of the scattering 
amplitude changes by a total derivative for different choices of anti-commuting moduli for the surface,^ this 
cutoff produces a boimdary term that depends on the choice of the anti-commuting moduli.^ Although an 
unambiguous choice for the anti-commuting moduli can be determined from unitary requirements,"'' the need 
to make such a choice complicates the analysis of the multiloop scattering amplitudes.^ A second disadvan- 
tage of the NSR approach is that the fermionic vertex operator is a function of ghost fields, as well as matter 
fields.^ This ghost dependence makes it awkward to formulate the NSR string in a fermionic background, 
preventing a straightforward derivation of the ten-dimensional supergravity equations of motion. 

Another method for calculating superstring scattering amplitudes is to start with the light-cone Green- 
Schwarz action in which all gauge invariances including conformal invariance have been fixed. This 
manifestly unitary method differs in three important features from the covariant Neveu-Schwarz-Ramond 
method. Firstly, there is no sum over spin structures since spacetime supersymmetry is manifest. Secondly, 
the action is defined on ordinary Riemann surfaces, rather than on N=l super-Riemann surfaces. And thirdly, 
non-trivial operators need to be inserted at the interaction points of the surface in order to preserve Lorentz 
invariance (these interaction points are located at the zeros of d^p, where d^p is the unique meromorphic 
fuction with poles of residue P^"*"*^ &t z = Zr and purely imaginary periods when integrated around the 2g 
non-trivial cycles). 

Although the first two features of the light-cone Green-Schwarz method remove the problems of the 
covariant NSR method, the third feature introduces new problems. Since correlation hmctions now depend 
on the locations of the interaction points, as well as the locations of the vertex operators, the resulting 
expressions for the scattering amplitudes are complicated functions of the moduli of the surface. Further- 
more, potential divergences when two or more interaction points coalesce force the introduction of contact 
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terms,®'^°'^^ whose contribution to multiloop Green-Schwarz amplitudes^ has not yet been included in any 
manifestly Lorentz-covariant expressions. 

It should be noted that the semi-light-cone Green-Schwarz method/^ in which all gauge invariances are 
fixed except for conformal invariance, has exactly the same advantages and disadvantages as the light-cone 
Green-Schwarz method. The only difference is that in order to preserve Lorentz invariance, the non- trivial 
operators need to be inserted at the zeros of the expectation value of dzX^^^, since if one fixes the remaining 
conformal invariance to get to light-cone gauge, d^x^^^ is replaced by dzP- 

Recently, a new method for calculating superstring amplitudes has been developed in which one starts 
from an N=2 twistor-string version of the Green-Schwarz action where all gauge invariances have been fixed 
except for worldsheet N=2 superconformal invariance. ^^'^^ This method is manifestly spacetime supersym- 
metric like the light-cone Green-Schwarz method, but requires no operator insertions at the interaction 
points. Although the scattering amplitudes are calculated by evaluating correlation functions on N=2 super- 
Riemann surfaces, there is no ambiguity coming from the choice of anti-commuting moduli since the dilaton 
tadpole diagram vanishes by spacetime supersymmetry,t and there is therefore no need to introduce a cutoff 
in the moduli space. Using standard BRST techniques, Green-Schwarz superstring scattering amplitudes 
with an arbitrary number of loops and external states can be explicitly evaluated. These amplitudes agree 
with those obtained using the manifestly unitary light-cone Green-Schwarz formalism if one makes a simple 
conjecture concerning the contribution of the light-cone gauge contact terms (although a similar conjecture 
in the NSR formalism can be proven to be true, a proof in the Green-Schwarz formalism is still lacking). 

The only disadvantage of this new method is that in order to express the N=2 twistor-string action in 
terms of free fields, the manifest S0(9,l) super-Poincare invariance has to be broken down to an SU(4)xU(l) 
subgroup. However, it will be shown in this paper that the twistor-string free fields can be combined 
into N=2 chiral and anti-chiral superfields, X'^ and that transform covariantly as S0(9,l) vectors and 
spinors under commutation with the S0(9,l) Lorentz generators, Mi^" = J dzcfinX^X'^. These covariantly 
transforming superfields do not have free-field operator product expansions, but instead obey the relation, 
= "f'j^^iX'^ — X^), which is a ten-dimensional generalization of the usual analyticity condition in four 
dimensions. ^'''^^ 

The gauge-fixed physical vertex operators for the massless states that were introduced in reference 
15 can now easily be extended to manifestly Lorentz-covariant vertex operators. The right-moving part 

t The spacetime supersymmetry generators in the twistor-string formalism contain no ghost contributions, 
so the dilaton tadpole diagram can be shown to vanish by writing the zero-momentum dilaton vertex operator 
as the contour integral of a spacetime supersymmetry generator around a zero-momentum dilatino vertex 
operator, and pulling the contour off the back of the surface. In the Neveu-Schwarz-Ramond formalism, 
the ghost contributions to the spacetime supersymmetry generators have unwanted poles, ^ so the same 
argument^^ implies only that the dilaton tadpole diagram is a total derivative in moduli space.^ 
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of the bosonic vertex operator is simply 1]^ J dzd^KX^exp{ik ■ X-), while the right-moving part of the 
fermionic vertex operator is Ua J dzd'^K^" exp(ik ■ Because the S0(9,l) super-Poincare generators are 
superconformally invariant, the scattering amplitudes obtained by evaluating correlation functions of these 
covariant vertex operators on N=2 super-Riemann surfaces are guaranteed to be super-Poincare covariant. 

In order to explicitly evaluate these correlation functions, the Xl^ and superfields must be re- 
expressed in terms of the original free fields, whose correlation functions on arbitrary genus surfaces were 
calculated in reference 15. Although this procedure breaks the manifest SO (9,1) invariance down to an 
SU(4)xU(l) subgroup, it is straightforward to use knowledge of the underlying larger invariance to write the 
resulting scattering amplitudes in manifestly Lorentz-covariant notation. 

In the conclusion of this paper, the issue of finiteness will be briefiy discussed, as well as the possibility 
of generalizing the amplitude calculations to non-fiat target-space backgrounds. 

II. Free Fields of the N=2 Twistor-String 

The free-field action for the N=2 twistor-string corresponding to the heterotic Green-Schwarz superstring 

is:" 

S = j dzdzdK+dK-[^{X+'^d^X-^ - X-^d^X+^) + W-d^'^+ - W+d^^' + {II. 1) 

where [z,k+,k^] and [z] arc holomorphic and anti-holomorphic coordinates on the N=(2,0) supcr-Ricmann 
surface (although this Euclidean surface is not well-defined since (k^)* docs not exist, independence of the 
right and left-moving sectors allows heterotic superstring amplitudes to be defined in the usual way by 
taking the holomorphic square-root of non-licterotic amplitudes), D± = d^± + ^K^dz, X'^^ and for 
I — 1 to A describe the transverse degrees of freedom and transform as and 4_i under the remaining 
SU(4)xU(l) invariance, D±W^ and 'i'^ describe the longtitudinal degrees of freedom and transform as l^i 
under SU(4)xU(l), and $^''|k+=k-=o for q=l to 16 describe the heterotic lattice and are SU(4)xU(l) scalars. 
These N=(2,0) superfields are restricted by the chirality constraints: 

D_X+'^ = D+X-^ = = = = (77.2) 

the global constraint: 

- - = dzX^+° for some real superfield (77.3) 

and the super- Virasoro constraints: 

7?+VF+£)_*- - 7)_VF-7?+*+ + D+X+^D_X-' = 
K+K-[dgX+^dgX-^ + d,X'^-°dgX'^+° + i($+«5j$-« + $-«aj$+«)] = O, (77.4) 
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This free-field action is obtained by gauge- fixing the manifestly super-Poincare invariant N=(2,0) twistor- 
string action, which has been shown to have the same classical degrees of freedom as the heterotic Green- 
Schwarz superstring action. Evidence for the quantum consistency of the free- field action comes from the 
vanishing of the superconformal anomaly and from the fact that after integrating out the ^'^ and 
superfields, one recovers the usual light-cone gauge Green-Schwarz action, including the interaction-point 
operators. 

In order to eliminate unnecessary notation, only the heterotic superstring will be discussed in this paper 
although all techniques straightforwardly generalize to the non-heterotic cases. For example, the free-field 
action for the non-heterotic superstring is obtained from equation (II. 1) by extending the worldsheet to an 
N=(2,2) surface and replacing the left-moving superfields, with W"^ and superfields.^^ The only 
subtle point is that in the Type IIA theory, the roles of and X^~'^ are reversed in the two different 

sectors, i.e. the right-moving global constraint defines X^^^ , whereas the left-moving global constraint 
defines X^-o. 

As discussed in reference 15, it is convenient to solve the global constraint of equation (II. 3) by bosonizing 
the components of ^'^ = ■i/'^ + k^A^ and D±W'^ = -|- K^e^ in the following way: 

A+ = (5,x9+° + i^+S,^- + iv-a.V'+)e''^ + e-'^' , A" = e"''^ (//.5) 

where are chiral bosons with screening charge +1 that satisfy h'^{y)h~{z) log(j/ — z) as y z. 

In terms of these bosonized fields, the right-handed super- Virasoro constraints of equation (II. 4) take 
the form: 

(f- + ^a,x9-V-)((a.x9+o + ^V+^zV-- + ^V-5zV'+)e'*^ + e-'*") - e''^((a,/i+ + d,h-)d,^- + J^.V"), 

L = d,x+^d,x-' - i(r+'5^r-' + r-'a^r+') - e+a^V" - i~d,i^+ + d,h+d,h- + ^{dlh+ + dlh-), 

where = x+^ + k+T+\ X"' = x"' + k'T-^ and e^=e^- ^a^x^-V^^ - x^-'^d^^j;^ . 

III. SO(9,l) Lorentz Generators 

The simplest way to construct the S0(9,l) Lorentz generators out of these free fields is to look for 
a generalization of the operator, m'^" = J dz x^d^x" , that is N=(2,0) superconformally invariant (the 
left-moving contribution to the Lorentz generator, J dz x^d^x"^, is already superconformally invariant). 
Since for the 15 SU(4) generators that preserve the gauge-fixing, these generalized operators are simply 
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M+' = / dz(P kX^^ X~'^ , it is natural to look for chiral and anti-chiral superfields, X'^, that contain a;'' 
in their =Q component. 

Using the free-field commutation relations, it is easy to show that [(j+,a;^^] = [G-,x^] = 0, where 

^9+0=^9+0^1^+^-^ ^9-0=^9-0^ ^+1=^+1^ xz'=x-'-e''^^-r-'; (7/7.1) 

and G± are defined in equation (II. 6). Therefore, the desired chiral and anti-chiral superfields are 

X^{z-,K-)=x'^{z-) + K-[G-,x'^{z-)] and X^{z+,k+) = x'^iz+) + K+[G+,x'^iz+)], (777.2) 

where = z ± \k+ . Note that x''^ = [G+,x^_i)+ e^' \, x^_ = [G_, x^^Ve^""], and 

Xl{y-,£,-) X'i{z+,K+) ^r;^^log(y- - z+ - C"k+) as y ^ ^. 

It can now be straightforwardly checked using equations (II. 6), (III.l), and (III. 2), that the 45 operators, 

M^'" = j dzdPnX^X-i {= - j dzd^nX'^X'^ for /x ^ ly), (7/7.3) 

are superconformally invariant, commute with each other to form an S0(9,l) algebra, and transform X^ 
and X^ like covariant S0(9,l) vectors. 

By commuting M'*'' with the chiral and anti-chiral superfields , one finds that transforms as the 
1+1 component of an S0(9,l) Weyl spinor superfield , and transforms as the l_i component of an 
S0(9,l) Weyl spinor superfield where 

^1{z+, K+) = C(z+) + n+{G+,^1iz+)}, = V?(^") + «-{G_, (z")}; (III A) 

^+ = v;+, ^L™ = e^*-^~i,-T-^T-^, i,z = -^e2''+-2'*"v-a,v-e-ewpr-'r-™r-"r-f , 
^+1 = vi' = ie2'^^-''>-£-ei„„pr-"r-"r-f ; 

^+ = _Le2?»--2fc+^+g^^+^+gimnpp+^p+mp+np+p^ ^Im = 1 gh--?j+^+^;mnpp+np_^p^ ^- = ^-^ 
^+1 = ig2fc--/,+ ,+^+gZm„pp+mp+np+p^ ,-l ^ ^h-^+l. 
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and the sixteen components of the S0(9,l) Weyl spinor have been split up into [l+i,6o, l_i,4+i,4_i] rep- 
resentations of SU(4)xU(l). 

As was mentioned in the introduction, these spinor superfields obey the identity, 

'^'l^l = (x^ - x'::)-ff (///.5), 

which can easily be checked using their free-field expansions. This identity is an obvious generalization of 
the four- dimensional analyticity condition,^'''^^ 6"6°' = (a;+ — xt)'y^°', however because the ten-dimensional 
identity contains 256 components, it can not be solved using purely classical fields. 
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IV. Covariant Vertex Operators 



Using the X!^ and supcrficlds, it is easy to construct the superconfornially invariant vertex operators 
that covariantly describe the massless bosonic and fermionic states. The massless bosonic vertex operator is 



J £z(fKX^le'''-^-VL {=-r]^ J (fz(fKX^e'''-^+VL), {IV.l) 



where the left-moving contribution to the vertex operator, Vl, is constructed in the usual way for the heterotic 
superstring^° out of dzX^ and (note that only the = components of these superfields contribute), 
and k'^ = rj ■ k = 0. This vertex operator is invariant under the gauge transformations, r/'' — > r;'* + A/c'*, 
and after fixing the gauge = and replacing the J cfz integration with cc ghosts, it coincides with the 
massless bosonic vertex operator of reference 15 in the picture with ghost-number (1,1) and instanton-number 
zero (the instanton-number of a vertex operator is defined as its eigenvalue under commutation with the 
charge, K = ^ J dz{i~^ip~ — i~xp~^ + dzh~ — dzh'^), and can be shifted by an arbitrary integer by attaching 
instanton- number-changing operators to the vertex operator). 

Two covariant choices for the massless fermionic vertex operator are 

Uo, j (fzd'^K^te'^-^+VL or Ua j d^zd^n^le'^'-^-VL, {IV.2) 

where = 0. These vertex operators are invariant under the gauge transformations, — > -l- k^A'^'y^^, 
and after fixing the gauge (7^+°^)" = and replacing the / d^z integration with cc ghosts, they coincide 
with the massless fermionic vertex operator of reference 15, either in the picture with ghost-number (1,1) 
and instanton-number — or in the picture with ghost-number (1,1) and instanton-number 

Since the usual fermionic field, satisfies fc^C"7a/3 = and has no gauge invariances, it is clear that 
corresponds to k^up-y^^. One therefore still needs to construct the vertex operator for the fermionic field 
when k^^ = 0. Two choices for this zero- momentum vertex operator are 

C J d^zd^Kj^,„0X!^^^_VL or C J d^zd^K^^,a0X'^^lVL, {IV.3) 

out of which can be extracted two choices for the covariant spacetime supersymmetry generators, 

S-,a = \j dzd^K^^,c.0Xl^t or = ^J dzd^Kj^,c.0X^'i^l, (IVA) 

which satisfy {S-,a, S^,p} = 2 J dzdzX^^j^^. It is easily verified that commutation with S±^a takes the 
fermionic vertex operator of instanton-number =pi and spinor polarization u/s into the bosonic vertex operator 
of vector polarization 77'* = {"i^^^ujakv, and takes the bosonic vertex operator of vector polarization r)'^ into 
the fermionic vertex operator of instanton-number ±i and spinor-polarization up = 7^^?7/i. 
It is interesting to note that the integrands of the spacetime supersymmetry generators, 

W-,o.=li.,a(}Xl^^_ and = 7^,a/3^^*t (-^^-5) 



satisfy the free-field behavior 



D+W.{y-,i-) M/+(z-,«-) ^ {^--n-)/{y--z-) and D_W+{y+ ,^+) M/_(z+,k+) -> {^+ - k+) / {y+ - z+) 



as 2/ — > z, and therefore provide an N— (2,0) generahzation of the twistor equation,'^^''^^ Woi — 7(u,a 



Scattering ampUtudes can now be calculated by evaluating correlation functions of these covariant vertex 
operators on N=2 super-Riemann surfaces and integrating over the global super-moduli of the surfaces. By 
choosing half of the fermionic vertex operators to have instanton- number +5 and the other half to have 
instanton- number — |, the N=2 super-Riemann surfaces can be restricted to those with vanishing instanton- 
number (in order to get a non-zero correlation function, the instanton-number of the surface must equal the 
sum of the instanton- numbers of the vertex operators). The choice of which fermionic vetex operators have 
+ \ or — i instanton-number does not affect the scattering amplitude since different choices correspond to 
different locations for the picture- changing and instanton-number-changing operators (see reference 15 for 
more details). Similarly, the choice of using S+^a or S-^a does not affect the scattering amplitude as long as 
the instanton-number of the surface is set equal to the total instanton-number of the vertex operators plus 
the total instanton-number of the spacetime supersymmetry generators. 

Since Mi^" and S±^oi of equations (III. 3) and (IV.4) are superconformally invariant and covariantly 
transform the vertex operators, these scattering amplitudes are proven to be S0(9,l) super-Poincare covari- 
ant. 

At the present time, the only known way to evaluate correlation functions of the covariant vertex 
operators is to re-express the vertex operators in terms of the original set of free fields, and to use the 
free-field correlation functions that were evaluated on arbitrary genus surfaces in reference 15. Although 
this procedure breaks the manifest Lorentz covariance down to an SU(4)xU(l) subgroup, knowledge of 
the underlying larger invariance can be used to express the resulting scattering amplitudes in manifestly 
Lorentz-covariant notation. 

The first step in covariantizing the calculation is to introduce an S0(9,l) pure spinor^^ and its complex 
conjugate, v" and v", and a real S0(9,l) light-like vector, m'^, which satisfy 



With the help of these projection operators, the free fields r+ and T can be treated as four complex 
components of SO (9,1) vectors and (all other components of the vectors will be projected out), while 



V. Lorentz-Covariant Scattering Amplitudes 



= v'^^'^f^v^ = m'^m^ = and v"7^^t;^m^ = 1. 



(y.i) 



the free fields ■0^, e^, /i^. 



as well as all ghost fields (see reference 15 for details on the ghost fields), can be 
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treated as S0(9,l) scalars. For example, the = component of the covariant superfields and can 
be written as 

and the term d^x^^T^^ in of equation (III. 6) can be written as dzX^ni'^T'L{v'jpji^'^pv). 

After evaluating correlation functions of the free fields as in reference 15, one is left with an expression 
for the scattering amplitude that is manifestly Lorentz covariant, but which is a polynomial in the three 
projection operators, v" , and m'^. However, the knowledge that the scattering amplitude is Lorentz 
covariant even without transforming the projection operators implies that the projection operators only oc- 
cur in Lorentz-invariant combinations. Therefore, replacing all monomials of projection operators by their 
Lorentz-invariant component does not affect the scattering amplitude, since all non-Lorentz-invariant com- 
ponents must cancel out. So covariantization of the Green-Schwarz superstring amplitudes has been reduced 
to the problem of extracting the Lorentz-invariant component of the monomial v"'^ ...v"^v^'^ ...v^'^'m'^'^ ...m''-^' , 
where w", v", and m'^ satisfy equation (V.l). Note that this covariantization procedure requires that the 
amplitude does not contain negative powers of the projection operators, and therefore is not useful in the 
light-cone or semi-light-cone Green-Schwarz formalisms where factors are present. 

Since under a U(l) rotation, — >■ e^'^v", v" — > e~'^^v", — > while under an S0(1,1) boost, 
e'^v", v" e'^v", m'* e~'^'^m^\ the Lorentz-invariant component of a monomial is zero unless there 
are an equal number of t;"'s, ti"'s and m'"s. The Lorentz-invariant component, p«i- ■•«N/5i - /'w/ii...;iiv^ ^ 
such contributing monomials, v"'^ ...v"'^v^^ ...v^'^m^'^ ...m^" , can be obtained from the formula: 

pa^...aM0l...0M^l...m ^ ^ (y_3) 

symmetrized 

J(|/yrl~)-l^Mi.ai/3i ^^^MN.ajv/SiV _|_ — 2)!) ' 0^02 ^^i/p^Mi/j2 _ 2jy''A'ijyPM2^p^3-^aN/33---/3N;i3---MiVJ^ 

where ^ means to symmetrize independently in the a, P, and /x indices to give (iV!)^ terms, Pq = 1, 
A"^" = TM^^'"'"' ancl CAT is fixed by the requirement that 7mi.«i/3i •••7M«,a;v/3«J'^"-""'^"-'^"''"-''" = 1- It 
is straightforward to check that - is ^j^g unique Lorentz-invariant tensor which is sym- 

metric in the a, /3, and /i indices, which vanishes when contracted with ^^^^2^ "^ftfe' ^miM2i ^^id which is 
normalized to one when all indices are contracted with 7-matriccs. So after replacing all contributing mono- 
mials by Pjv in the expression for the scattering amplitude that is calculated using the free-field description of 
the covariant vertex operators, the Green-Schwarz superstring amplitudes are written in manifestly Lorentz- 
covariant notation. 
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VI. Conclusion 



After constructing S0(9,l) supcr-Poincarc generators and manifestly covariant vertex operators, it was 
proved in this paper that the earher calculated multiloop Grecn-Schwarz superstring scattering amplitudes 
are super-Poincare invariant, and it was shown how to write these amplitudes in manifestly Lorentz-covariant 
form. 

One possible use for these amplitudes is to analyze their finiteness properties. Using the Neveu-Schwarz- 
Ramond method, it is difhcult to show that the dilaton tadpole diagram vanishes,"'' while using the light-cone 
Green-Schwarz method, it is difficult to show that the contact terms precisely cancel the divergences when 
two or more interaction points coalesce. Since neither of these difficulties are present using the twistor-string 
method, it should be possible to check for finiteness by explicitly looking for divergences in the scattering 
amplitude expressions. 

In the construction of the super-Poincare generators and covariant vertex operators, the N=2 chiral 
and anti-chiral superfields Xt^ and played a prominent role. It is tempting to suggest that in a non-flat 
target-space background, these N=2 superfields provide the phase space for the ten-dimensional supergravity 
and super- Yang-Mills fields.^"' In flat space, the superfields obey the relations, ^''^^^'^ = (X^ — X'^)j^^ 
from equation (III. 5), and W+.a = 7;^,a/3^^^'+ from equation (IV. 5), where X'^{y^ ,S^^)X'^{z^ , k'^) 
log(?/^ — z+— ^^fi;+) and (y+, ^+)^'_(z+, k+) (C^^ k^)/ iv'^ — z'^)- Perhaps in a curved target-space 

background, these superfield relations are modified in the same way that the four-dimensional analyticity 
condition, 9°'9°' = {x'^—xt)j^°', is modified to H{x, 0, ^)"" = {x'^—x'^)^^" in the presence of supergravity.^^ 
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